In traditional localization methods for synthetic aperture radar (SAR), the range sum estimation and Doppler centroid estimation (DCE) are required. The DCE error can influence the localization accuracy greatly. In addition, the target height information cannot be obtained by these methods. In this paper, a three-dimensional localization method for multistatic SAR based on the numerical range-Doppler (RD) algorithm and entropy minimization principle is proposed. In this method, the raw data from each transmitter and receiver (T/R) pair are focused by the numerical RD algorithm with the initial location value of the reference target. Then, Newton iteration is used to solve the target location value with the information of the bistatic range sum (BRS) in different SAR images with respect to different T/R pairs. Generally, the initial location value of the reference target is not accurate, and it can influence the imaging quality and accuracy of other target locations. We use entropy to measure image quality and iterate imaging with the new location value of the reference target, until the entropy gets the minimum value. Therefore, we can get the optimal location value of the reference target, which can make image entropy reach the minimum. Finally, all targets can be located by the Newton iteration method with their BRS in each T/R pair that are obtained from the images with minimum entropy. Compared with traditional localization methods for monostatic SAR, the proposed method not only effectively eliminates the influences of DCE errors, but also can get the target height information. Therefore, it improves the localization accuracy and can achieve three-dimensional localization. The effectiveness of the localization approach is validated by a numerical simulation experiment.
Introduction
Multistatic synthetic aperture radar (SAR) has more than one transmitter and receiver, which makes it obtain more information of targets at different angles of view. Current studies on multistatic SAR mainly focus on imaging algorithm [1] [2] [3] [4] , synchronization [5] , experiments [6] and target detection [7, 8] . Target localization is of significant importance for both monostatic and multistatic SAR applications. It is necessary for ensuring the geometry calibration accuracy and effective understanding and interpretation of the radar images. Target localization plays a key role in target reconnoitering, map mapping and flood disaster evaluation. Therefore, it is significant to research the method and accuracy of localization. However, very limited research works are reported on this aspect for multistatic SAR. In addition, different from monostatic SAR, multistatic SAR can obtain more target information. Therefore, it makes the three-dimensional localization possible. To obtain the location information, generally we need to know the bistatic range sum (BRS). Nevertheless, multistatic SAR has more complicated geometrical relationships, as the transmitters and receivers are independent of each other. The double hyperbolic range histories lead to double square roots in the range equation of every transmitter and receiver (T/R) pair in multistatic SAR. Therefore, we can see that the localization of multistatic SAR, compared with monostatic SAR, is much more complicated.
For geolocation of monostatic SAR, there are three different kinds of localization methods. They are positioning with stereo SAR images, the fundamental principles of interferometric SAR images for positioning and positioning with a single SAR image. Positioning with stereo SAR images is based on the SAR structure model. Additionally, the three-dimensional coordinates of the corresponding ground points are calculated by the coordinates of the same image points of two SAR images. However, the number and the spatial distribution of ground control points can influence the accuracy of target localization [9] . The fundamental principles of interferometric SAR images for positioning utilize the interferometric phase information to achieve the target localization [10] . However, the target height information that is obtained with interferometric SAR has large error in areas with dramatic altitude changes, such as mountain terrain. Positioning with a single SAR image is based on the range-Doppler (RD) model for spaceborne monostatic SAR [11, 12] . Additionally, target coordinates can be obtained by solving the range equation and Doppler equation. However, this method cannot obtain target height information.
When it comes to the localization problem of multistatic SAR, the three-dimensional localization is a significant advantage of multistatic SAR, but has not received enough attention. In [13] , a three-dimensional surface reconstruction method is proposed. It uses the information of BRSs and phases of the target in each T/R pair image to solve the height of the target. However, it only uses the first order approximation of the height estimation function's Taylor expansion. When the height range becomes larger, its accuracy cannot satisfy the request of localization. The localization problem in multistatic SAR is similar to localization in the ground-based multistatic radar system. There are some localization methods for multistatic radar systems. In [14] , a localization method based on Taylor-series estimation is proposed. However, it cannot capture a close enough starting point and has large computational burden. Therefore, this method cannot be applied to multistatic SAR.
In addition, the accuracy of BRS estimation greatly influences the localization accuracy. The influence factor of BRS estimation error can be classified into two parts: (1) time of arrival (TOA) estimation error; (2) time synchronization error. In traditional multistatic radar systems, TOA estimation is a considerable challenge especially when the signal-to-noise ratio (SNR) is low. The multistatic SAR has a similar problem, which may affect the BRS estimation accuracy. In [15, 16] , TOA estimation algorithms are proposed to improve the estimation accuracy. As another main influence factor, time synchronization is also a big challenge for the application of the multistatic radar system, as well as multistatic SAR. Without time synchronization, BRS cannot be estimated accurately. The work in [5] proposes time synchronization technology for distributed SAR, including bistatic and multistatic SAR. In [17] , a mathematical model considering the time synchronization error is given. Both [5, 17] can observably reduce the time synchronization error between transmitters and receivers. Therefore, according to [5, 17] , the BRS estimation error in multistatic SAR is less than 5 m, because the maximum of time synchronization error is 15 ns. This paper describes a localization method for multistatic SAR. It can eliminate the influences of Doppler centroid estimation (DCE) errors and improve the localization accuracy. This method can be arranged into four steps: (1) the raw data from each T/R pair are focused by the numerical RD algorithm with the initial location value of the reference target; (2) Newton iteration is used to solve the target location value with the information of BRS in different SAR images with respect to different T/R pairs; (3) entropy is used to measure image quality and iterate imaging with the new location value of the reference target, until the entropy gets the minimum value; we can get the optimal location value of reference target; (4) all targets can be located by the Newton iteration method with their BRS in each T/R pair, which are obtained from the images with minimum entropy.
The fundament of the localization principle is presented in Section 2. In Section 3, simulation results are shown. Additionally, a comparison with other methods is shown in Section 4. At last, the conclusion is shown in Section 5.
Three-Dimensional Localization Method
The position of a target is determined by the BRSs of each T/R pair. Different T/R pairs have different BRS characteristics. For a given range bin in each T/R pair, the BRS is an ellipse in the imaging plane. Theoretically, the position of a target is the intersection of all ellipses with respect to all T/R pairs. To determine the position of a target in bistatic SAR image, a geometry coordinate system must be established. Figure 1 illustrates the geometry coordinate system for showing the position relationship between transmitters, receivers and target. Multiple transmitters and one receiver fly along the y axis. To obtain different SAR images with respect to different transmitters, the receiver should have multiple channels. In addition, the model and method in this paper can also be applied to the multistatic SAR configuration with multiple receivers and one transmitter. 
Numerical RD Imaging Algorithm
As the only estimated parameter, BRS plays a significant role in localization. In multistatic SAR, BRS is obtained from the image result. Thus, the imaging accuracy of multistatic SAR is also an important factor in localization. In other words, if a target is focused on the wrong BRS cell, the accurate position of the target cannot be obtained. In order to obtain accurate BRS information, a precise bistatic SAR imaging algorithm is required. Due to the two square roots in range history, it is not easy to get the accurate analytical range cell migration (RCM) correction (RCMC) and the azimuth compression functions with respect to Doppler frequency in the bistatic SAR imaging process [18] . Here, an algorithm named numerical RD can solve these problems. It uses the numerical method to calculate the Doppler-domain RCMC functions. The RCM is computed directly for every sampled azimuth time. At the same time, there is an one-to-one relationship between the azimuth and Doppler frequency. Therefore, we can get the accurate relationship between RCM and Doppler frequency numerically. This algorithm effectively improves the RCMC performance [19] . In addition, through the numerical RD algorithm, we can get the accurate azimuth compression function with respect to the Doppler frequency.
SAR Path Interpolation
In the numerical RD algorithm, in order to obtain the accurate relationship between RCM and Doppler frequency, path interpolation should be performed firstly. The proposed method chooses spline interpolation as the interpolation method. Figure 2 shows the receiver path before and after spline interpolation, respectively. 
Accurate Relationship between RCM and Doppler Frequency
In every azimuth time t, the BRS of reference target is:
where (x, y, h), (x T (t), y T (t), h T (t)) and (x R (t), y R (t), h R (t)) are the locations of the target, transmitter and receiver, respectively. The position relationship between receiver, transmitter and target point in every azimuth moment is shown in Figure 3 . The Doppler frequency of the reference target at azimuth time t is:
where V R is the velocity vector of the receiver, V T is the velocity vector of the transmitter, R RP and R TP are the three-dimensional vectors from the receiver and transmitter to the reference target, respectively, and λ is the wavelength. The Doppler frequency and BRS are shown in Figure 4 . Therefore, through azimuth time, the one-to-one relationship between Doppler frequency and RCM is established, which is shown in Figure 5 . Because we use the target location value in (1) and (2), theoretically, this relationship is not accurate before we finish the target localization. Here, we set an initial target location value to get an initial relationship between Doppler frequency and RCM.
At last, depending on the relationship between Doppler frequency and RCM, the RCMC is done to all range-compressed images with respect to the reference target from every T/R pair. 
Azimuth Reference Signal Construction
The spatial variance of azimuth compression matched filter along the range direction is a traditional problem for bistatic or multistatic SAR. Additionally, the accurate azimuth compression function with respect to Doppler frequency cannot be obtained easily. Therefore, in order to guarantee the localization accuracy of the proposed method, it is significant to construct the azimuth reference signal of every range cell.
For instance, the position of a point is (x i , y i ) (i means the index of the range cell). When the beam center crosses the point target, the positions of the receiver and transmitter in every T/R pair are (x R , y R , h R ) and (x T , y T , h T ), respectively.
Then, if a point (x j , y j ) has the same beam central moment as another point (x i , y i ), the following equations are obtained:
where R i B is the BRS of the range cell with index i, R i B − ∆R is the BRS of the range cell with index j and θ c is determined by the slope of the line of targets in antenna phase centers (APCs) of one azimuth moment, as given in Figure 6 .
. . The solution of (3) is:
where
Based on position information of the range cell with index j point, the azimuth reference signal of the range cell with index j can be constructed by:
where A 0 is a constant parameter, w a (t) is the window function of azimuth,
R j RP and R j TP are the three-dimensional vector from the receiver and transmitter to the point j. Till now, we construct the RCMC function and azimuth compression function. Then, we can get the focused result.
Target Localization Method
Theoretically, using the BRS information of every range bin in images focused by the above numerical RD algorithm, we can get the location values with respect to every target by solving Equation (1). However, the BRS equation in (1) has double square roots. In addition, we have multiple BRS equations corresponding to different transmitters with respect to the same point target. It is not easy to get the precise and analytic solution. In the proposed method, the Newton iteration method is used to solve the localization problem of multistatic SAR. Additionally, the initial location value of the reference target in (1) and (2) is not accurate. Therefore, the RCMC and azimuth compression functions are not accurate actually. Then, the BRS estimation from the coarse focused image has large error. In order to get more accurate BRS, here, we use entropy to measure image quality and iterate imaging with new location value of reference target, until the entropy gets the minimum value. Therefore, we can get the optimal location value of the reference target, and the BRS estimation error will be reduced to the minimum.
Bistatic Range Sum Estimation
Firstly, the BRS should be estimated by using the time delay information:
where c is the velocity of light, t o f f set is the time delay of the range bin of N r 2 + 1, N r is the sample number in range, f s is the sample frequency and i is the index of the range bin.
Target BRS Equations
After estimating the BRSs in every T/R pair, the targets' locations can be calculated by using (1). Each BRS means an ellipsoid surface, as given in Figure 7 .
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Azimuth(m) Figure 7 . Transmitters, receiver and bistatic SAR (BSAR) iso-range (ellipses).
Technically, the position of the target is the intersection of those ellipses. Therefore, the target position is the unique solution for BRS equations. Using all of the information from every T/R pair, we can get BRS functions of a target as follows:
Then, a calculation method is presented to solve these equations in the next subsection.
Newton Iteration Formula
The Newton iteration method is a way for nonlinear equation solutions. Based on Newton's method and linear algebra, the iteration formula can be obtained as follows:
where (x k , y k , h k ) is the current position of the iteration point and (x k+1 , y k+1 , h k+1 ) is the next position of the iteration point. f B,N is the BRS equation in (1), and N corresponds to the N-th transmitter.
• is matrix multiplication. Therefore,
where −1 means the generalized inverse matrix. The Newton iteration process of (13) is shown in Figure 8 . In Figure 8 , there are in total three iterations for solving the nonlinear Equation (12) from the start point to the end point. From Figure 8 , we can see that the iteration point is closer and closer to the target position (1000, 0, 0) step by step using the proposed method. Finally, we can solve the nonlinear Equation (12) with accurate BRS in each T/R pair. Therefore, we can get the target position by solving the nonlinear Equation (12) with Newton iteration. 
Entropy Minimization Principle
In Equation (1), the initial location value of the reference target is not accurate, which makes huge error. To ensure the accuracy, we use the entropy minimization principle [20] in this paper.
Let o = [x, y, h] T be the reference target location vector. Define the power normalized image as:
where i, j means the i-th range pixel and the j-th azimuth pixel in the SAR image, I(J) represents the number of pixels in the SAR image, in the range(azimuth) directions, and p is pixel value of SAR image.
The entropy function of the radar image is defined as:
The estimated location of the reference target is obtained by minimizing the entropy:
Till now, we can get the optimal location value of the reference target. Then, other targets' location values can be obtained, as well, by Newton iteration in (13) with the BRS information of every target. Figure 9 gives the steps of three-dimensional localization method proposed in this paper. In Figure 9 , M is the entropy minimization iteration times. Additionally, new location value of the reference target is calculated by the Newton iteration with new and more accurate BRS. When we get the accurate location value of the reference target that is also called the optimal location value of the reference target here, the radar image entropy is almost unchangeable in the subsequent iteration. Therefore, we can make sure that H(o M−1 ) is minimum and o M−1 is the optimal location value of the reference target. Figure 9 . Flowchart of the three-dimensional localization method.
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Numerical Simulation
To verify the effectiveness of the proposed localization method based on the numerical RD algorithm and entropy minimization iteration, we carry out numerical simulations in this section. In the simulations, multistatic SAR is set to be one receiver and four transmitters. We set nine point targets, as shown in Figure 10 . They distribute in one plane vertical to the ground with the same y axis value. This is to verify the capability of three-dimensional localization. The distances between two adjacent targets along the x axis direction and h axis direction are both 50 m. Target O is the center target. The simulation parameters are listed in Table 1 . 
Three-Dimensional Target Localization without Reference Target Location Error and Entropy Minimization Iteration
Firstly, we assume that the location of reference target O is already known precisely before we perform the imaging and localization. Thus, the reference target location has no error. Therefore, we do not need to perform entropy minimization iteration. At the same time, the transmitters' and receiver's locations are precise, as well. Based on the proposed method, the localization results are shown in Table 2 . Additionally, the localization error is computed as the Euclidean distance between simulated and localized target points. We can find that the numerical RD imaging algorithm and Newton iteration are effective in the localization of multistatic SAR. The location errors of the other targets in Table 2 come from the estimation errors of BRS in the focused SAR image. 
Three-Dimensional Target Localization with Reference Target Location Error and Entropy Minimization Iteration
In this section, the location value of the reference target has a certain error. We use entropy minimization iteration to eliminate this error. The real position of the reference target is (1000, 0, 0) m, but the location value of the reference target that we can get is (984.1200, −26.0809, 0.0) m.
Then, we use entropy minimization iteration to improve the location value of the reference target. After three times of iteration, we can find that the entropy in each T/R pair reaches the minimum. The entropy minimization iteration process is shown in Figure 11 . Based on the three-dimensional localization method, the localization result is listed in Table 3 .
Comparing with Table 2 , we can see that the reference target location error does not influence the localization accuracy with this method. Table 5 .
We can see that the platforms' position error can influence the accuracy of target locations. Additionally, in Table 4 , we can find that the maximal location error is less than 10 m, and the minimal location error is less than 5 m with this method. In Table 5 , the location error is less than 17 m. Additionally, the three-dimensional localization method also can be applied to platforms' with large error for some large targets like buildings and planes. Therefore, we can find that the localization error increases with the increase in the platforms' position error. 
Three-Dimensional Target Localization with the Platforms' Velocity Error
The velocity error of the platforms is also important information for the proposed method, which can cause BRS estimation error. Table 6 . Additionally, we can see that the location position of the reference target has no error, and the maximal location error is less than 3.5 m with this method. 
Discussion and Comparison
As a contrast, the localization result proposed in [11, 12] with the same parameters in Table 1 is listed in Table 7 . Since it is monostatic SAR, the location and velocity of the first transmitter parameter are used here. Additionally, in Table 8 , we set the same targets without height information in our proposed method. We can find that the two methods can be applied to targets without height information, and localization error is less with the three-dimensional localization method. In addition, we set targets with height information, which is shown in Figure 10 . The localization result proposed in [11, 12] is shown in Table 9 . It is clear in Table 9 that localization error is too large, and this method cannot be applied to obtain the target height information.
According to Tables 2-6 , it can be concluded that the proposed localization method has a higher quality of accuracy and can obtain targets' height information compared with that proposed in [11, 12] . Table 7 . Targets localization result proposed in [11, 12] without height information.
Target Real Coordinates
Localization Result Localization Error Table 9 . Targets localization result proposed in [11, 12] with height information.
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Conclusions
A localization method for multistatic SAR is proposed in this paper. It is based on the numerical RD algorithm and entropy minimization iteration. Numerical RD processing is used to focus the raw data of different transmitter and receiver pairs in multistatic SAR. However, in the focusing, the location value of the reference target is preset before we finish the target localization. Then, Newton iteration is used to obtain the three-dimensional coarse location values of the reference target. After that, to improve the localization accuracy, image entropy minimization iteration is carried out. In every iteration, the location values are updated until the image entropy obtains the minimum, which means the image is focused very well and the location value is precise. Finally, other targets' location values are obtained from the BRS information. Therefore, the proposed algorithm can improve the localization accuracy and achieve three-dimensional localization.
